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Abstract 

We study the supersymmetry enhancement of nonrelativistic limits of the ABJM theory 
for Chern-Simons level k = 1,2. The special attention is paid to the nonrelativistic limit 
(known as 'PAAP' case) containing both particles and antiparticles. Using supersymmetry 
transformations generated by the monopole operators, we find additional 2 kinematical, 2 
dynamical, and 2 conformal supercharges for this case. Combining with the original 8 kine- 
matical supercharges, the total number of supercharges becomes maximal: 14 supercharges, 
like in the well-known PPPP limit. We obtain the corresponding super Schrodinger algebra 
which appears to be isomorphic to the one of the PPPP case. We also discuss the role of 
monopole operators in supersymmetry enhancement and partial breaking of supersymmetry 
in nonrelativistic limit of the ABJM theory. 
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1 Introduction 



In the shed of recent development of M2-brane theories the three dimensional Chern-Simons based 
superconformal theories [1] gained a considerable interest. Two different types of theories were 
proposed as candidates to effectively describe multiple M2-branes system: the 3-algebra based 
BLG (Bagger-Lambert and Gustavsson) theory [21 [3] and standard Lie algebra based ABJM 
(Aharony-Bergman-Jafferis-Maldacena) theory [I]. The former theory is restricted to describe 
the effective action of two M2-branes only As a result of this, lately the main interest focused 
on the ABJM and related theories, in which the setup with an arbitrary number of M2-branes 
is allowed. Beyond that, the ABJM theory proved to reproduce the correct vacuum structure of 
M2-branes on C 4 /Zfc-orbifold, where k appears as the Chern-Simons level in the theory. 

The BLG theory, which is equivalent to the ABJM theory with SU(2)xSU(2) gauge group [I], 
has M = 8 supersymmetry (SUSY). On the other hand, the original ABJM theory has only 
manifest M = 6 supersymmetry instead of M = 8 expected from the M2-brane system in flat 
transverse space. The lack of supersymmetries can be explained by the fact that for the Chern- 
Simons level k the theory describes multiple M2-branes in C 4 /Zfc-orbifold rather than in flat space 
and M = 6 is the maximal supersymmetry which the C 4 /Zfc-orbifold allows, if k > 3. In what 
concerns the cases of k = 1,2, it was conjectured from the dual gravity that the full M = 8 
supersymmetry should be restored [I]. Indeed, using monopole operators, it was proved that the 
ABJM theory has additional M = 2 supersymmetry for k — 1,2 016]. At these levels, attaching 
a monopole operator to a local field changes the rule of gauge transformation of the field, while 
preserving the local nature of the field 0. Using this procedure we can introduce new fields in the 
theory with the help of monopole operators. In Ref. [5] the additional M = 2 supersymmetry and 
SO(8)-invariance of the ABJM potential were obtained for U(iV) xU(N) gauge group at k — 1, 2 in 
3-algebra formulation. The same enhancement of supersymmetry in the Lie-algebra formulation 
of ABJM theory for the case of U(2)xU(2) gauge group was found in Ref. [6], where the so called 
minimal model which inherits most properties of the ABJM theory was introduced. This minimal 
model can be used as a toy model replacement for the ABJM theory. 

Recently there has been much interest in nonrelativistic versions of AdS/CFT correspon- 
dence pT7H28] . The geometrical framework for nonrelativistic (super) symmetry was studied earlier 
in [29] (see also [30]). Following the development of superconformal field theories describing the 
dynamics of M2-branes, the construction of nonrelativistic superconformal field theories and find- 
ing their gravity duals become of increasing interest. In the past year, a number of nonrelativistic 
limits of the ABJM theory were constructed [3T1[32]. The nonrelativistic AdS/CFT correspon- 
dence [33H36] in relation with M-theory and the soliton solution [37] in nonrelativistic ABJM 
theory were also studied. 

It is known that some nonrelativistic limits result in additional symmetries, which are not 
present in the original theory. Schrodinger symmetry [38] is such an example. Emergence of new 

1 For the detailed study of monopole operators in ABJM theory and related topics, see Refs. [7HT5]. 
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bosonic symmetries can be accompanied by the emergence of new fermionic ones. However, there 
are not so many examples where the explicit construction of nonrelativistic superconformal field 
theories and analysis of their super Schrodinger algebras were done [39l - Pf2] . 

In this paper we find additional 6 supercharges using the monopole operators and complete the 
corresponding super Schrodinger algebra in a nonrelativistic limit of the ABJM theory, referred 
in Ref. [S] as 'PAAP limit fl 

In general, the nonrelativistic limit of a field theory is ambiguous and depends on the particle- 
antiparticle sectors chosen. The supersymmetry of various nonrelativistic limits of the ABJM 
theory was studied by several authors in [3T1I32] . These authors studied supersymmetry and super 
Schrodinger algebras for different non-relativistic regimes. In particular, it was found that one can 
define non-relativistic limits in which different numbers of supersymmetries are conserved [3T] . The 
'basic' M = 6 supersymmetry in the mass deformed ABJM theory [13JH1] survives and resulting 
12 supercharges are split into 10 kinematical and 2 dynamical ones in the limit which involves 
only particles (PPPP limit). Additional 2 supercharges emerge coming from conformal symmetry 
associated with different scalings of time and space. However, if we include antiparticle sectors, 
the number of supersymmetry is reduced and superconformal symmetry is broken [31]. This is 
considered as a general property of the nonrelativistic limits of superconformal field theories [HJ 

H2J. 

Our aim in this work is to extend the analysis to supersymmetry driven by monopole operators. 
In nonrelativistic limit where both particles and antiparticles are included e.g. PAAP limit, 
it appears that some of the supersymmetry can be restored. In order to have the enhanced 
supersymmetry, we should restrict ourself to the Chern-Simons levels k = 1,2. Although the 
most analysis is done for the gauge group U(2)xU(2), we believe our conclusions hold true for the 
general case of U(N)x\](N). 

The plan of the paper is as follows. In the next section we review the mass deformation and 
nonrelativistic limits of the ABJM theory following [31]. In the third section we introduce the 
PAAP limit and describe the known 8 kinematical supercharges as well as bosonic symmetries. 
In the fourth section we analyze the enhanced symmetry generated by monopole operator. We 
find that in the PPPP limit with maximal basic supersymmetry Q\ + Q2 + S = 10 + 2 + 2, the 
monopole enhanced part of supersymmetry j5j[6] is brokerJE In contrast, in the PAAP limit, where 
the basic nonrelativistic symmetry is broken down to Qi + Q2 + S = 8 + + [31], the enhanced 
supersymmetry gives rise to 2 + 2 + 2 new supercharges including conformal ones. The total 
number of supercharges is the same as in the PPPP limit. We also derive the explicit form of 
these supercharges and their (anti) commutation relations to obtain the maximal super Schrodinger 
algebra. The last section is our conclusion. 

2 See the subsection 12.31 for the definitions of various nonrelativistic regimes. 

3 We denote the numbers of kinematical, dynamical, and conformal supercharges as Q±, Q2, and S respectively. 
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2 Mass-deformed ABJM Theory 



The ABJM theory [1] was proposed as a candidate to describe multiple M2-brane systems. The 
model is a three-dimensional gauge theory which possesses M = 6 supersymmetry. The field 
content of this model is given by four bi-fundamental complex scalars Y A , A = 1,...,4, four 



0,1,2. The scalars and the fermions belong to the four dimensional complex representations 
of .R-symmetry group SU(4). The SU(4) indices can be conveniently written in terms of more 
handy SU(2)lxSU(2)r notations: A = (n, n'), where n and n' are SU(2)l and SU(2)r indices 
respectively. This decomposition is even more natural in the mass-deformed ABJM theory which 
has SU(2)lxSU(2)rxU(1)r symmetry. Restriction to the sector of a single SU(2) factor gives the 
minimal model [6]. For SU(2) indices we will use the Latin m and n for the SU(2)l as well as 
primed letters for the SU(2)r. 

As about spinor notations, we choose (2+l)-dimensional gamma matrices which satisfy 7^7^ = 
r]^ u + e^ vPr y p as 7 = ia 2 ,'-/ 1 = a 1 , and 7 2 = <r 3 . The suppressed spinor indices are expressed by 
£x = ^ a Xa and £7 M x — £ a la^Xp f° r t ne two component spinors £ and x- F° r t ne gauge indices 
we use the convention of the Ref . [15] . 

2.1 Mass deformation 

The SUSY preserving mass deformation was first constructed for the BLG theory [1SIH7]. Then 
it was found that the ABJM theory also admits the SUSY preserving mass deformation [4"5ll4"4"] . 
There are several methods to obtain the mass-deformed ABJM theory, such as M = 1 superfield 
formalism [17], D-term and F-term deformations 01] in M = 2 superfield formalism ^5\. These 
different versions of mass-deformed ABJM theory are equivalent [H] and the M-theory origin of 
the mass-deformation was investigated in Refs. [iniED]- Below we consider the mass deformed 
version of ABJM theory in more details. 

The mass deformed ABJM theory with U(iV) xU(iV) gauge group is given by the action [4"5jT4"4"] . 



bi-fundamental complex spinors as well as two Chern-Simons gauge fields A^ and A^, /x 




(2.1) 
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where 

^ferm 



tr 



-n t Y\D t Y A - D ] Y\D l Y A + -& A y°D t V A + i^VA*, 
cr c 



bos 



Vrr 



kh ( 2i 2i ~ - ~ 

— e'^ tr I A^dyAp + —A p A v A p — Apd u A p —A p A v A p j 

^ti(YlY A ^ B m B - Y A Y\m B W B + 2F A F^ A ^tB _ 2Y ] A Y B ^ A m B 

+ e ABCD Y^ B Y^ D - e ABCD Y A ^ B Y c ^ D ), 
-^^tr(YlY A YlY B YiY c + Y A Y\\Y B Y B Y C Y^ C + AY^Y^Y^Y 



tr 



IT 



471171 



B 



—M B C (Y A YiY B Y£ - Y\Y A Y^Y B 



~W YaY 



(2.2a) 
(2.2b) 
(2.2c) 



(2.2d) 
(2.2e) 



and the explicit dependence on the speed of light c and Planck constant h is given. 

The last term fl2.2e[) in the action ( 12 .ip represents the mass deformation with m being the 
mass parameter and M A B = diag(l, 1, —1, —1). Without this term equation ( 12. ip represents the 
original massless ABJM action. The covariant derivatives are defined as 



D t Y A = d t Y A + %A t Y A - iY A A t , A t = cA = finite, 
D i Y A — A vA 1 A vA 



rA - diY A + %A % Y A - iY\Ai. 



(2.3) 



2.2 M = 6 Supersymmetry 



The action ( 12. ip of the massless ABJM theory is invariant with respect to the following M = 6 
supersymmetry transformations, 



5Y A = iu AB ^ 



B- 



5Yl 



S^a = ru AB D.Y 



- 2 ^u AB (Y B YlY c -Y c YiY B ) + fu BC Y B YlY c , 



8& A = -D p Y^u AB Y 
2tt 



2tt 
~k 



uj ab (YqY c Y b — YgY c Y c 



' v c) 



in 



-uj BC YlY A Y} 



SA, = - T (co AB Yl^ B + Y A ^ B lp cu AB ), 



6A L 



-^(u; AB Yh^ B + ^ B lp Y A u AB ] 



(2.4) 



where u AB = —u> 



BA 



(U A B) 



^6 Abcd ujcd- The supersymmetric parameters u AB and u AB are 



related to the (2+l)-dimensional six Majorana spinors £t, I 



6, by 



U A B — £i(T I )aB, 



AB 



ei(T 



I*\AB 



(2.5) 



5 



As we mentioned above, the mass deformation preserves the full J\f = 6 supersymmetry, the 
only effect of such deformation being the modification of the spinor field transformation rules by 
the additional terms, 

6 m V A = mM A B u BC Y c , 

5 m ^ A = mM A B u BC Y ] c . (2.6) 
2.3 Nonrelativistic limit (s) 

Formally, nonrelativistic limit corresponds to the limit of large speed of light c — > oo. However, 
this limit is not uniquely defined. Below we give a brief description of nonrelativistic limits of our 
interests in ABJM theory. 

As was discussed before, the mass deformation breaks the original SU(4) .R-symmetry down 
to SU(2)LxSU(2)RxU(l)i? i?-symmetry. According to this the fields are split as, 

Y A = <y»,Y«), Y\ = {YlYl,\ 

tf A = & A = (¥ n , & n '), (2.7) 

where A = 1, 2, 3, 4, n — 1, 2, and n' = 3, 4. 

In order to go to the nonrelativistic limit, we decompose the relativistic fields into the particle 
and antiparticle parts, 

Y n = -H== (e- imc24/ V + e imc2t/h y^ , ^ n = \fhc{%- Km<?tl% ^ n + e lmcH/h a 2 i)ty , (2.8) 

and analogously for Y n ' and \l/ n /. Here the minus sign in the exponent e ±imc2t / h corresponds to a 
particle, while plus sign comes with an antiparticle. 

In this situation we can make a choice for each of complex fields (Y n , Y n> , \Iv) to be either 
particle (P), or antiparticle (A) separately. Following [31], we will denote such a choice by a four 
letter string consisting of 'P's and 'A's, e.g. the limit with all fields chosen to be in purely particle 
sector is denoted PPPP; the limit in which Y n and ty n > are particles while Y n ' and \l/ n antiparticles 
is denoted PAAP, etc. 

To obtain the nonrelativistic limit we have to plug the Ansatz ( 12. 8 \ (where the choice is made 
for the particles or antiparticles) into the mass-deformed action ( 12. ip . take the limit c — > oo, 
keeping the leading terms. In the case of fermions we have to eliminate the heavy modes using 
their equations of motion [3T|l32]. 

3 PAAP Limit 

The basic supersymmetry in various nonrelativistic limits was studied in j3T], where the number 
of supersymmetries was found for each limit labeled by the four-letter string. In general, the 
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number of supercharges depends on the relative choice of fields as particles or antiparticles. The 
maximal supersymmetry is reached in the case of either PPPP, when all fields are particles or 
AAAA, when all are antiparticles. In this case the theory possesses 14 supercharges of which 
10 supercharges are kinematical, 2 are dynamical, and the remaining 2 are conformal related to 
super Schrodinger symmetry. Other cases contain less supersymmetry of this kind [31]. That 
is, if we include antiparticle sectors in nonrelativistic limits of the ABJM theory, the number of 
supercharges is reduced. This is claimed to be a general property in the nonrelativistic limits 
of super conformal field theories [4T|l4*2]. For instance, the PAAP case, which we are going to 
consider in more details below, possesses only eight kinematical supercharges and no conformal 
supercharges are present, i.e. Qi + Q2 + S = 8 + + 0. 

As we know about the SUSY enhancement in relativistic ABJM theory, we have to use the 
monopole operators to obtain the additional M = 2 supersymmetry [5j|6]. By using monopole 
operators, we can include both 4 and 4 matter fields simultaneously in M = 8 supersymmetry 
transformation rules for k = 1,2. In the nonrelativistic limit, however, we cannot do this, since 
we have to choose between particle or antiparticle parts for a given relativistic field. (See the 
subsection 14. II for the detailed explanations.) Therefore the M = 8 supersymmetry in relativistic 
ABJM theory for k = 1, 2 is inevitably broken in any nonrelativistic limit. 

So far, the most supersymmetric case is the PPPP limit with 14 supercharges. However, 
since the monopole operators generate supersymmetry transformations which mix the 4 and 4 
representations, we can expect other limits with maximal supersymmetry, which will include 
antiparticle sectors. Indeed, we find that the PAAP limit is another case which has 14 supercharges 
using monopole operators. 



3.1 Action 

Let us consider the PAAP case in more details. In PAAP limit one chooses the first boson and 
second fermion to be in particle sector while second boson and first fermion to be antiparticles, 

Y n — _ P - imc2t / h ^, n yt — ^ imc 2 t/h t 
V 2m v 2m 

yn' _ h imcH/htfn' y\ _ -imc 2 t/H f 

1 — fK — e V 1 I n'— [R — e Vn'i 

v 2m v 2m 



^ n = Vhce imc t/h a 2 ipl & n = -Vhce- imc * /? V 2 ^ n , 

*„* = Vhce~ imcH/n ij n :, ¥ n ' = Vh~ce imcHlh ^ n ' . (3.1) 

Applying the general procedure for nonrelativistic limit mentioned before, we obtain the fol- 
lowing nonrelativistic action, 

•SpAAP = / dtd 2 x(£ sca i ar + £f cr mion + ^CS 1 ); (3-2) 
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where the scalar and fermionic parts of the Lagrangian £ sca iar and £f crm i on are given, respectively, 
by: 



scalar 



tr 



ihylD t y n + ihy^D t y n , - ^-D^D^ - ^-D % y n ,D^ n ' 
irh 2 

\v n viy m vl - y w y*y ]m ' y m > - y\y n yly m + y n ^ n y m >y w ) 



km 



(3.3) 



and 



h 2 



Tih 2 

+ - — tr 

km 



(yb n + yn>y w ) (^U + i> w i>-m>) + {y n yl + y w y n >) $\J>+ + ^-^-) 

- 2(y n ylft + J™ - y n y m 4i n ^- m ' - tf n 'yl^ n 4? + y W y m ^- n ^ W ) 

- 2(yiy m rJl m - y\ n y^'r^_ m , - y n ,y m ^' + y n> y W ^-4- m >)} > ( 3 " 4 ) 



while the Chern-Simons part Lcs is still given by (I2.2bj) . 

In deriving the fermionic part of the Lagrangian f)3.4p . we used the equations of motion for 

4>l n and ^+™' 



1p+n' 



ill 



2mc 
ih 



ih 

2mc 2 
Hi 



i h 



2mc 2mc A 



2mc 
ih 

2mc 



xm^cr / 
\m z t 



(3.5) 



to eliminate the 'heavy modes' ip™ and ip+ n ', and D± = D\ ± iD 2 - 



3.2 8 kinematical supercharges 



The action (13.21) for nonrelativistic PAAP limit is invariant with respect to supersymmetry trans- 
formations. In Ref. [31], eight supersymmetry transformations were found. This supersymmetry 
is all kinematical and given by 



8y n ' = V-nn4+, 

5ip- n i = r]_ nn ,y n , 

. . nh 
S A t -- 



5y w = -vT'^+n, 

J +n ~ V-nn'y , 

# K = vT'yl 



km 
irh 



{y^' V -nn>r + + i>inVT'Vn' ~ vf^-n^n ~ V*^ ' V-nn>) , 



5 A t -. 
8A± = 8A± = 



^(v-nn4 n + y w + y n 4lnvT' - ylvT^-n' - ^-v-nwy 11 ), 



(3.6) 
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where A± = A\ ± iA 2 and A± = Ai ± 2A2 and the one- component spinor parameters r/± satisfy 
the following conditions, 

r/±„n' = -e nm e n , m < m , V? = -r& n , V-nn> = ~V-n> n (3.7) 

With 612 = 63/4/ = 1. 



3.3 Superalgebra 



Let us consider the superalgebra of symmetries of the action (13.21) . In order to do this we rewrite 
the action f)3.2p in a form more appropriate for canonical analysis, 



£paap =ihtr (yld t y n + y ]n 'd t y n , + $ + M n + + ^ d^_ n , 



kh 
2^ 



where the Hamiltonian density is given by 



tr (A 2 d t A l - A 2 8 t A 1 + A t G - A t Q 



(3.8) 



y n v\v m vl - y w yn>y w y m > - yhTvbT + yn>y w y m >y w 



H = — tr ( D iy \D iy n + Af n A£n< + AV>+»AV£ + AV>- AVw 



7T 

+ - — tr 

km 



+ 2( y n yl^ + J™ - y n y m 4i n ^ m ' - y w yl^- n 47 + y w y m ^- n ^ w ) 

+ 2{yly m rJl m - yly^'fy-m' ~ M™^' fi+m + M W 1>?1>-fn,j\ > (3-9) 
and the Gauss law constraints are 
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2tt 

~k 

2tt 



(3.10) 



In the following subsections, we will first derive the superalgebra associated with the super- 
symmetry transformation given in (I3.6p . The analysis parallels to that of the PPPP case [3T] . 
The supersymmetry coming from the monopole operator will be studied in the next section. The 
canonical commutation relations are given from (I3.8p : 

M*)t>Mv)$ = % W 2 (x-y), [i+fx)* i_(y)J] = -^5pf5*(x-y), 
lT(*)l>vUv)§ = WlS 2 (x - y), y^'Mj] = - v), 

r + {xYj\ m {y) h A =5^S b a 5l5 2 {x-y), {lM*)^'Mt} = ^'«5 2 (x - y). (3.11) 
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3.3.1 Bosonic Schrodinger algebra 

Let us first consider the bosonic subalgebra. Applying Noether techniques we find that the bosonic 
symmetry algebra consists of the following conserved charges: 

• Hamiltonian 

H= [ d 2 x H. (3.12) 



Linear momentum 

Pi = J d 2 xV l , (3.13) 

where the momentum density is given by 

Pi = -~ tr (ylD iy n - D t yiy n + D iV - n , - D^ n ' y n , 

+ $ +n DSl - D^Ul + ^' D^_ n , - AV- • (3.14) 

Angular momentum 

J = y d 2 x eijXiVj + S, (3.15) 

where the spin E is given by 

Y,= l -Jd 2 xti (^l n >-„' - iXJi) ■ (3.16) 

Total number operator 

J\f = J d 2 x n(x) (3.17) 

with number density given by 

n(x) = tr (yly n + tf n 'y n , + ^ + J n + + ^V-n') ■ (3.18) 

Galilean boost 

d = -tPi + m J d 2 x Xin(x). (3.19) 

Dilatation 

D = 2tH — I d 2 x XiVi. (3.20) 
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Special conformal transformation 

K = -t 2 H + W 



m 
~2~ 



d 2 x x 2 n(x) . 



(3.21) 



These operators are the subjects to the following algebraic relations defining the bosonic 
Schrodinger algebra 



D,H 

H, Gi 
D,P t 



2H, i 



Pi, * 



P, 



D, K 



-2K, i 
-Gi, i 
—Gi, 



K, H 

Pi, Gi 



J, Pi 



D, 



SijTTlAf, 



-e P 

13 j > 



J, Gi 



-eijGj. 



(3.22) 



In the above algebra H,D,K are the generators of the conformal subgroup 5*0(2,1) and the 
number operator Af appears as a central term. 

3.3.2 Kinematical superalgebra 

The bosonic algebra can be enlarged to superalgebra by adding the 8 kinematic fermionic charges 
generating the transformations (13.61) . 



(3.23) 



q™' = 1 J ,fx tr (^i n V - y W ^lj. 

q-nn> = i J (fx tr [^XnVn' ~ vl^-n'^j 

as well as SU(2) L and SU(2) R i?-symmetry generators 



— I d x tr 



d x tr 



1 



(3.24) 



They rotate the fields and the generators with S77(2)l and S77(2)r indices. Therefore they satisfy 
the standard su(2) algebra. The supercharges satisfy the following commutation relations 



nn' \ srn' srn \f i srn r>nf srn' tdt, 

y + ,q-mm'j — 2°m'°m JV ' °m n m' °m' n ri 



J,q7 



—a 



J,Q- 



' 2 Q—nn' 



(3.25) 



Along with Schrodinger algebra ( I3.22p . the commutation relations (I3.25P describe a kinematical 
superalgebra. 

In the case of PPPP, there exists an U(1)r symmetry in the non-relativistic limit coming from 
the reduction of S77(4) i?-symmetry to S77(2)l x SU(2) r x U(1)r symmetry. We will see that in 
the PAAP case also, there is a similar U(1)ji symmetry connecting the particle and antiparticle 
sectors. 
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4 SUSY Enhancement with Monopole Operators in Non- 
relativistic Limit 

In this section we find the additional supercharges and the corresponding superalgebra in the 
PAAP limit. We emphasize the fundamental role of monopole operators in the supersymmetry 
enhancement for both relativistic and nonrelativistic superconformal field theories. 



4.1 SUSY enhancement and monopole operators 

For the Chern-Simons level k — 1,2 the ABJM theory was shown to be a subject to the additional 
hidden M = 2 supersymmetry [316]. The additional supersymmetry transformations involve 
the monopole operators. In this subsection we investigate the role of monopole operators in 
supersymmetry enhancement of (mass deformed) ABJM theory and its nonrelativistic limit. 

The ABJM theory described by the action (12. ip contains complex representations for matter 
fields and it has SU(4)xU(l) global symmetry corresponding to the transverse space to M2- 
branes. To find the hidden symmetry in the transverse space we should use both the 4 and 
4-complex representations simultaneously. However, in order to include both of them in the same 
supersymmetry transformation, we have to modify one of the representations by the help of a 
monopole operator. 

Attaching the monopole operator to a matter field changes the gauge transformation rule of the 
field without changing the global symmetry properties. For instance, a bi-fundamental scalar field 
Y A in 4-representation can be converted to an anti-bi-fundamental one Y A in the same 4-complex 
representation as follows, 

Y A \ = f%Y% (4-1) 

where T^jf is the monopole operator related to the supersymmetry enhancement. For the U(2) x U(2) 
case, the explicit form of the monopole operator is given by [6] 

-ab —2i\°°AZdx^Jib r . (a r,\ 

T ab =e e e ab, (4.2) 

where e a b and e ab are invariant antisymmetric tensors for left and right SU(2) parts of the gauge 
group respectively. 

Attaching a monopole operator to a local field also does not change the local nature of the 
resulting composite field for k — 1, 2. In this case, we can introduce in supersymmetry transforma- 
tions new local fields, which do not exist in the original ABJM theory. This fact was demonstrated 
for the abelian ABJM theory [5]. 

Therefore the enhanced supersymmetry transformation rule takes the following form [B] 

SY A = iu AB ^ B + ie& A , (4.3) 
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where ¥ Aa . = t^¥ m b is in the bi-fundamental representation and e is a complex spinor. As 
we see in (14. 3p . we have to use the 4 and 4-representations simultaneously in order to obtain the 
additional M = 2 supersymmetry. Due to the presence of the monopole operator both sides of 
expression in (14. 3p can be in the bi-fundamental representations of the gauge group. 

Now let us consider the supersymmetric properties and the role of monopole operator in non- 
relativistic limits. Even though it is possible to obtain the supersymmetry transformation rules 
in nonrelativistic limit by reduction from those of relativistic theory, we use different strategy. 
Instead we analyze full supersymmetry of the nonrelativistic action. However, taking into account 
the nature of the monopole operators, we can roughly estimate the supersymmetric properties for 
a given choice of particle and antiparticle sectors. 

In PPPP limit, (TO} is reduced to 

6y n = i^u^ m + .y^-Vw + i^e^^, 

W = i^u^ m + i^ w »'"> m , + i^eWt/^m^ (44) 

where ip^ Aa a = T?~ip^ b b . Dropping the fast oscillating terms in the nonrelativistic limit c — > oo 
in (14 .4|) . we see that the supersymmetry parameter e in ( 14 .4p does not exist in the limit. This 
means that the additional M = 2 supersymmetry with the monopole operator is broken in the 
PPPP limit. Then the PPPP limit has only 12 supercharges mentioned in Refs. [3~Tjl3"2]. which 
are inherited from the original M = 6 supersymmetry in the ABJM theory. There are also 2 
conformal supercharges which are new in nonrelativistic limit. 

On the other hand, for the PAAP limit for k — 1,2, (14. 3p becomes 



5y^' = i^u^aA + *^e- 2 - 2 ^"' m > m , + */^ K , (4.5) 

where t/j na d = T^ip nb b . Similarly to the PPPP case, u nm (dual of u n ' m ') should vanish in this limit. 
Instead, e survives. So Af = 4 part having supersymmetry parameter u nrn ' in the original M = 6 
of the ABJM theory, the additional M = 2 part with monopole operator, and the emergent 2 
conformal supercharges are supercharges in the PAAP limit. As a result, the total number of 
supercharges in the PAAP limit is the same as in the PPPP case. 

4.2 SUSY enhancement in the PAAP limit 

Let us go back to the nonrelativistic action in the PAAP limit. In fact, the supersymmetry of 
the PAAP action (I3.2p is much richer than the eight kinematical supersymmetry transformations 
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given in (13. 6p . In addition, we have two more kinematical supercharges constructed from the 
monopole operators, 



6y n = 




Syl = |lr -ipl n , 




Sy n ' = 




6y^' = ^r-^ n ', 




5fo = 


Lf ■ y n , 


8$ +n = £t ■ yl, 




Slp- n > 


= i-r ■ y n >, 


6^' =tr-y ]n \ 




SA t = 




- eJlnT ■ y n + iU-wf ■ y w 


-T-yn^-lfjY 1 '), 


sA t = 




-f-y n ?Jln,+f-y W tlp-n> 


- £_V>I n ' V • y n >) , 


6A± = 


■ 5A± = 0, 







(4.6) 

where £_ is a one-component complex spinor parameter. The action of monopole operators on 
the fields is expressed as 

(r ■ V j )\ = t#/ 6 , (f • yf a = ff b y\, 

where y and y^ are in the bi-fundamental and anti-bi-fundamental representations respectively. 

In addition there are two dynamical enhanced supersymmetries which are also constructed 
from the monopole operators, 

2m 2m 
m = • D + y\ 5^ +n = ^£ + r ■ D-yl 

H-n> = ~i+r ■ D_y n ,, = f ■ D + y*', 

2m 2m 

8 A t = ^(r • DJli + yi + y n f ■ + r ■ D^'i + y n , + y^'f ■ D+^Q), 

6A + = —(T.rJ + yi-T-^ n Lyn>), 
8 A. = ^{y w f ■ Vw£ - y nf ■ 



5 At = ^ (f • DJlJly n + yt T • £L#tf + f • D + ^_„^t n ' + • 0-^+) , 



O77- 

5 A. = ^ (f • i>- n i\tf n> - f ■ V>UV) , (4.7) 
where £ + is a one-component spinor parameter. 
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4.3 Dynamical superalgebra 



In this section, we construct the supercharges coming from the transformations given in the 
previous subsection 14.21 Together with the U(1)r i?-symmetry mentioned in the subsubsection 
13.3.21 (its expression is given below in ( 14. lip ) and the bosonic Schrodinger algebra (13. 22 p . they 
form a dynamical superalgebra. 

First, the 2 kinematical supercharges related with the transformation of (14. 6 p are given by 



Q- 



i I d l x tr ( y\r ■ V>+ + ^l n 'r • y n 



d 2 x tr[tf n f-ij_ n , + tPi n f-y n 



(4.8) 



where g_ = q\. The 2 dynamical supercharges associated with the transformations given in (14. 7p 
are obtained as 



Q+ = J d 2 x tr (y\r ■ + ^_ n 'r ■ D.yJ), 

Q - =i LI d2x tr (* Wf ■ D ^~ n ' + ^ +nf ■ D+yn )' 



(4.9) 



where Q_ = Q' + . In addition, the 2 conformal supercharges which satisfy i[K, Q±] = S± are given 
by 



tQ+ + l - J d 2 x (xi - ix 2 ) tr (y^r ■ + i/j^'t ■ y n ^j , 

d 2 x (x 1 + ix 2 ) tr (y ]n 'f ■ i)_ n , + ^J_ re f ■ y n ^j . 



tQ. 



where 5_ = S\_. The U(1)r -R-symmetry generator is written as 



R 



i [ d 2 x tr (yly n + ^>_ B , - y^'y n , - ^ 



(4.10) 



(4.11) 



Note that this generator represents difference between the number of particles and that of an- 
tiparticles. Recall that the total number operator ( I3.17P is also conserved. Therefore in our 
nonrelativistic limit particle and antiparticle numbers are conserved separately. 

Putting everything together, we obtain the following dynamical superalgebra whose (anti) commutation 
relations are given bjo 



2m 
1 



-H, 



2m 
1 

4m . 



2m 
1 



-K, 



2m 



g + ,Q_ =— P + , g_,Q + = — P_, = -— G+, \q.,S + \ = -—G 



1 



2m 



1 



2m 



d + i{j-\r) 



1 

4m 



D-i(j-?J2) 



(4.12) 



The sub-index +(— ) in the supercharges denotes spin up(down) state. 
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and 



K,Q± 
~H,S± 
D,Q ± 

J,Q± 



S±, 
-Q±, 



Q 



±- 



G+, Q+ 

P+i s+ 
D,S ± 



-q+, * 
-Q+, 



-s. 



±; 



IS. 



± 



T- 2 S ± , 



D,q± 

J,q± 



-q- 
-q- 



(4.13) 



where we introduce R = §(2i2 + E), P± — Pi ± iP 2 , and G± — G\ ± iG*2- The commutation 
relations for i? are 



R, Q± — tQ±, 



R, S± 



q. 



0. 



0. 



R, q± 



=F9±, 



(4.14) 



Then the additional commutation relations can be computed as 



R, Q± 

R, qf 



i 



P) q—nn' 



ts±, 
1 

- o9- 



i?, g± 



=F9±, 



(4.15) 



The super Schrodinger algebra [39l[52l|53] consists of bosonic Schrodinger algebra (I3.22|) . 
kinematical superalgebra (13. 25 p . and the dynamical superalgebra (14. 1 21) . (14. 131) . (14. 14p . This super 
Schrodinger algebra is isomorphic to the one in the PPPP limit [3T| [32]. 



5 Conclusion 

In this work we considered nonrelativistic limits of the ABJM theory. In particular, we focused on 
the PAAP limit containing both particles and antiparticles. This case was considered previously 
in the literature [21] • The known result was that in this limit there are only eight kinematical 
supercharges. This is in contrast to the case of PPPP limit containing only particles [3"T|I3"2]. 
In PPPP limit one has fourteen independent supercharges: In addition to the eight kinematical 
supercharges there are two dynamical, two more kinematical as well as two conformal supercharges. 

In this work we revisited the PAAP limit and among others we found that if we extend our 
considerations to supersymmetry transformations involving monopole operators, then there are 
six additional supercharges besides the basic eight kinematical supercharges found in [3T]. These 
additional supercharges consist of two dynamical, two kinematical, and two conformal ones. 

At the same time we analyzed the PPPP limit as well and found that there is no additional 
supersymmetry enhancement due to monopole operator in this limit. It appears that supersymme- 
try in both PPPP and PAAP limit match as a number as well as a structure: ten kinematical, two 
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dynamical and two conformal supercharges. In fact, both supersymmetry algebras are isomorphic 
to the super Schrodinger algebra with fourteen supercharges. 

These results give some insight into the role of the monopole operator in ABJM theory. First 
of all the existence of additional supercharges in the nonrelativistic PAAP limit is possible because 
the monopole operators map antiparticle states into particle states extending the supersymmetry 
transformations to one mixing particles with antiparticles. This also explains why one can not 
observe any extended supersymmetries in the PPPP limit where there are only particles. In 
the nonrelativistic limit the particles and antiparticles are explicitly separated and therefore the 
physical meaning of the monopole operator which mixes them becomes particularly clear. 

The fact that both PPPP and PAAP limits possess isomorphic supersymmetries suggests the 
conjecture that the super Schrodinger algebra with fourteen supercharges is the maximal unbroken 
supersymmetry in the nonrelativistic limit. Moreover, out of the fourteen supercharges two of 
them seem to be new: the conformal supercharges appear due to the emergence of nonrelativistic 
conformal symmetry in c — » oo limit. Therefore only twelve supersymmetries can be considered as 
"genuine" ones coming from the relativistic theory. This corresponds to J\f = 6 relativistic spinor 
supercharges from M = 8 total supersymmetry including the monopole enhanced supersymmetry 
part. The technical part of this supersymmetry breaking is clear: For either choice of nonrela- 
tivistic limit there are at least two kinds of supersymmetry transformation which are producing 
fields with wrong phase, therefore they should be broken. However, more fundamental reason for 
this breaking is not clear to us. A further study may clarify this issue. 

We restricted our detailed analysis to the case of U(2)xU(2) gauge group, because in this 
case the monopole operator as well as the corresponding supersymmetry transformations can be 
constructed explicitly. It would be interesting, however, to apply our analysis to the enhanced 
supersymmetry of ABJM theory with U(A r ) xU(A r ) gauge symmetry in the three-algebra ap- 
proach of Ref. [5]. Furthermore, these results might be generalized to any nonrelativistic limit 
of super conformal field theories [lOll^T] which include both particles and antiparticles, and al- 
low supersymmetries generated by the monopole operators. These aspects also deserve further 
investigation. 

Another important subject that remains to be considered is to explore the M-theory dual of 
the observed phenomena. This should be of particular interest for the AdS dual description of 
low dimensional condensed matter systems. Let us note that the present approach to AdS/CMT 
correspondence is mainly based on the embedding of the nonrelativistic system into a higher- 
dimensional relativistic one using the light-cone approach. The approach we followed here is 
based on the nonrelativistic reduction of a relativistic system in the same dimension which seems 
to be more natural since any condensed matter system is, in fact, a nonrelativistic limit of a 
relativistic system. 
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